Abstract. We consider a newsvendor game with two substitutable products which are sold by two retailers with loss-averse preferences under multiple mental accounts. The game theory is used to find the retailers' optimal order quantity. Given the order quantity of one retailer, there exists a unique optimal order quantity of another retailer. And it shows that substitution, degree of loss aversion, shortage cost, degree of substitution and salvage value have an impact on optimal order quantity. Further, the Nash equilibrium is unique in the loss-averse newsvendor game. There exists a threshold of loss aversion coefficient which the effect of loss aversion dominates the effect of competition. Numerical experiments are conducted to illustrate our results.
Introduction
The newsvendor model is a basic building block of stochastic inventory theory. It has been extensively studied in the past few decades. Readers who are interested in it can see Yan et al.(2011) and Khouja(1999) . In this paper, we focus on the competitive newsvendor in a loss-averse scenario.
Since Kahneman and Tversky(1979) propose the prospect theory, loss-averse is apply in the newsvendor modal, such as Wang and Webster(2009) .
In the competitive scenario, Liu et al.(2013) study the retailers' optimal order quantity in a competitive environment. Further, It is shown that under certain conditions, there exists a unique Nash equilibrium in the newsvendor game. And Wang(2010) extends the standard newsvendor problem based upon risk neutrality to a game setting where multiple newsvendor with loss aversion preferences are competing for inventory from a risk-neutral supplier.
However, they formulate the model by single mental account and neglect the shortage penalty cost. Obviously, it is difficult to obtain analytical results when taking the shortage penalty cost into the loss-averse competitive newsvendor model under single mental account. However, when formulated by the multiple mental accounts, the model will be more clearly to be analyzed. Thaler(1985) proposes that decision makers have multiple mental accounts when making a decision. Then Ho et al.(2010) and Becker-Peth et al. (2013) apply it in the newsvendor model. Gu and Zhang(2017) firstly study the revenue-sharing contract for the supply chain by using multiple mental accounts. Based on multiple mental accounts, value function will evaluate accounts separately. We don't need to calculate the break-even point.
Therefore, we will formulate the competitive newsvendor model by multiple mental accounts under a loss-averse scenario and consider the shortage penalty cost in our model. The purpose of research is to find the loss-averse retailer's optimal order quantities under multiple mental accounts.
Our research shows that the loss-averse retailer's optimal order quantity is correlated with loss aversion and other parameters. There exists a unique Nash equilibrium in the newsvendor game and we analysis the joint effect of loss aversion and competition under symmetry assumption.
Model formulation
We make an assumption that there are two retailers with loss-averse preferences. Each retailer faces consumers' stochastic demand. Retailer 1 sells product 1 and retailer 2 sells product 2. And product 1 is a substitute for product 2. Each retailer decides their order quantity in advance. If one of the products is out of stock, the consumer might choose another product as a substitution. The unsold products will have salvage value while the shortage one will cause shortage cost. The piecewise-linear loss aversion utility function is as follows.
Notations concerned in the paper are defined as follows: : probability density function Case 1:
In case 1, the product 1and 2 are both out of stock. The retailer 1's profit and the expected utility are:
Case 2:
In case 2, the product 1 is out of stock and the product 2 has excess inventory. Then we have:
Case 3:
In case 3, both products have excess inventory. Then the retailer 1's profit and expected utility are:
Case 4:
In this case, the product 1 has the excess inventory but can't satisfy the demand derived from substitution while the product 2 is out of stock. Then we have
Case 5:
Here, the product 1 has excess inventory which can satisfy the demand derived from substitution. The product 2 is out of stock.
Thus, we can combine five cases and express the retailer 1's total expected utility as 
Thus a unique optimal order quantity Q 1 *(Q 2 ) exists which can be characterized in the following first-order condition: 
is still concave in Q 1 when taking the shortage penalty cost into the model.
Corollary 1.
The optimal order quantity Q 1 * is decreasing in Q 2 . In other words, the more retailer 2's order quantity, the less optimal order quantity of retailer 1. Moreover, the result is same as the Liu et al. Corollary 2 shows that the sensitivity of λ to Q 1 * is depending on ( )
, the risk-neutral retailer will order more than the loss-averse retailer, and the higher lever of loss aversion lead to less inventory. While ( )
，the result is on the contrary. Therefore, the impact of 1 λ to the retailer 1's optimal order quantity is different to the found in the Liu et al. (2013) .
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Corollary 3. Given any Q 2 , then Q 1 * is increasing in 1 α .
It follows from corollary 3 that the higher degree of substitution 1, the more fraction of demand for product 2 which will switch to the product 1. In other words, retailer 1's order quantity will be increased in order to meet the higher effective demand. Corollary 4. Given any Q 2 , then Q 1 * is increasing in s 1 .
This corollary indicates the change of shortage cost makes much effect on retailer's decision. When the shortage cost per unit of product 1 is more, the retailer 1 will increase his order quantity.
Corollary 5. Given any Q 2 , then Q 1 * is increasing in v 1 .
It implies that the higher salvage value per unit of product 1, the more order quantity to be satisfied.
Proposition 2.
A Nash equilibrium exists in the loss-averse newsvendor game with product substitution and the Nash equilibrium is characterized by the following conditions: 
We can obtain 
Assumption 1.
We consider that each retailer's loss aversion degree is λ . And two products have the same selling price p, purchasing cost c, shortage cost s and salvage value v. We also make the following assumption that the demands of two products are independent and identically distributed random variables with probability density function g(x).
Then denote the equilibrium order quantity by Q* and let
Corollary 6. Under Assumption 1, the retailers' equilibrium order quantity are equivalent. They are decreasing in λ when ( )
and increasing in λ when ( )
. And they are increasing in α .
In the Liu(2013), they compare the optimal order quantity of each loss-averse retailer under competition with that of each product under centralization. In Netessine and Rudi (2003) , it shows that with the case of centralized inventory management, competition leads to inventory up for each risk-neutral retailer. Here, we call it competition effect. Similarly, Q c is defined as the optimal order quantity under centralization and 
Conclusions
This paper is based on a multiple newsboy problem with shortage cost and two substitutable products. It shows that there exists a unique optimal order quantity of retailer 2 when given an order quantity of retailer 1. And the order quantities are decreasing in the loss aversion coefficient and substitution rate. They are increasing in shortage cost of product and salvage value of product. Further, we characterize the unique Nash equilibrium in any cases. Then we obtain, under centralized inventory management, a threshold of loss aversion coefficient, above which the effect of loss aversion is greater than the effect of competition. In order to illustrate the effect of loss aversion and product substitution.
